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For every integer m with m > 2 we construct a Steiner system that is a t - (0, k, 1) 
design with v=f(4”+2), k=6, and t =3. For m=3 the design is the unique 
Mathieu design of type 3-(22, 6, 1) and for m > 3 the design is an analogous exten- 
sion of the design of points and lines of the (m- 1)-dimensional projective 
geometry over the field of four elements. 0 1986 Academic Press, Inc. 
1 
Although the extensions of the designs of points and lines of the projec- 
tive planes of orders 2 and 4 have been known and extensively studied for a 
long time, and despite the fact that, more generally, projective spaces over 
the two-element field yield an extendable design of points and lines, 
apparently no one has observed that the designs of points and lines of pro- 
jective spaces over the four-element field always extend and yield a “new” 
infinite class of Steiner systems with t = 3. 
In fact the design of points and lines of PG(n, 4) presents no congruence 
barrier to an extension to a 5-design (as is indeed the case, uniquely, for 
n = 2). We have not, however, succeeded in producing a 4-design extension 
even for n = 3. 
The purpose of this note, then, is to observe that the 2 - (u, k, 1) design 
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on li=f(4”+l- 1) points with k = 5, consisting of the points and lines of 
PG(n, 4), always extends (indeed in many ways for n >, 3) to a 3-design 
with parameters 3 - (+(4”+ ’ + 2), 6, 1) and to discuss the differences 
between n = 2 and n > 2 in terms of algebraic coding theory. 
That discussion together with our remark about the symmetries in the 
designs may indicate one of the reasons why this infinite class of Steiner 
systems has not previously been uncovered. 
2 
By way of introduction we describe, in a novel way, the extension of the 
design of points and lines of PG(n, 2); the practiced reader will then have 
no difficulty in stating and proving the analogous result for PG(n, 4). 
The design in question is, of course, a Steiner triple system with 
parameters 2- (2n+1 - 1, 3, 1). To achieve the extension to a 
3 - (2”+1, 4, 1) design we must introduce a collection of 4-subsets of the 
points of PG(n, 2) with the property that every 3-subset of points that do 
not constitute a line are contained in a unique member of our collection. 
But three non-collinear points of PG(n, 2) determine a unique plane in that 
geometry, and in that plane these three points are contained in a unique 
oval (i.e., a set of four points of that plane, no three of which are collinear). 
A few minutes of reflection convinces one that the collection of “planar 
ovals” of PG(n, 2) suffices for the extension. Put another way, one simply 
uses the extension of the plane of order 2 in each plane of PG(n, 2). (We 
have simply described the usual extension, which consists of all points and 
planes of AG(n + 1, 2), inside the projective space.) 
Here then is our result: 
THEOREM. For every integer m with m > 2 there exists a Steiner system 
with parameters 3 - (f(4” + 2), 6, 1). 
Proof. For m = 2, the design is the trivial 3 - (6,6, 1) design; it is 
infinitely extendable to a t - (t + 3, t + 3, 1) design, of course. For m = 3 we 
have the unique, classical 3-(22,6, 1) design that extends to the celebrated 
Mathieu design on 24 points. Assume now that m > 3; set n = m - 1 and 
consider the design of points and lines of PG(n, 4). To extend this design 
we introduce a new point, co, with the blocks through this new point the 
lines of PG(n, 4) with cc adjoined. Further, we must introduce a collection 
of 6-subsets of the points of PG(n, 4) with the property that every 3-subset 
of non-collinear points lies in precisely one member of our collection. But 
every 3-subset of non-collinear points determines a unique plane of the 
geometry PG(n, 4). So, for each plane of the geometry, we simply 
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arbitrarily make a choice of one of the three possible collections of 56 ovals 
(here an oval is a subset of six points of that plane such that no three of the 
six points are collinear) that can be used to extend that plane, [4, 
Sect. 8.31. We have immediately that every 3-subset of points of PG(n, 4) is 
either collinear or lies in one of the planar ovals we have introduced. Since 
every line of PG(n, 4) meets a planar oval at most twice, and since no two 
planar ovals from distinct planes can meet more than twice (on the line of 
intersection of the two planes, should they so intersect), and since in each 
plane we chose a collection of ovals no two of which meet more than twice, 
we have the desired collection. Thus the blocks of the extension are the 
lines of PG(n, 4) together with the extra point and the 56N planar ovals we 
have introduced, where N is the number of planes in PG(n, 4). 
3 
The purpose of this final section is to make some remarks about the 
designs in the case m > 3. 
(a) Since &(4” + 5)(4” + 2)(4” - 1)(4” - 4) is always divisible by 
7 (4 being a quadratic residue modulo 7), and since 
& (4m+ 8)(4m+5)(4m+2)(4m- 1)(4”-4) 
is always, visibly, divisible by 64, there exists the possibility of an infinite 
class of Steiner systems with parameters 
I 4 - (f(4” + 5), 7, 1) 
and an infinite class of Steiner systems with parameters 
5 - (f(4” + 8), 8,l). 
As at present only finitely many Steiner systems with t = 4 or t = 5 are 
known, it would be extremely interesting if one were able to carry out 
extensions of one of the designs of the theorem for every m> 3, thus 
generalizing the celebrated Mathieu designs with parameters 4-(23, 7, 1) 
and 5-(24, 8, 1). (For a discussion of these latter designs the reader may 
wish to consult [3, Chap. IV or 4, Chap. 81.) 
(b) One should not, however, seek the help of algebraic coding 
theory-at least not in the usual way. Here is why: suppose a 
4 - (i(4”’ + 5), 7, 1) design exists. If %? is the code generated by its incidence 
matrix over the two-element field, and if the minimum-weight vectors of % 
are precisely the rows of that matrix, then by Theorem 1 of [2], g would 
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be a perfect 3 error-correcting binary code. Only two such codes exist [S, 
Chap. 63; they correspond to the cases m = 2 (the trivial repetition code) 
and m = 3 (the binary Golay code). One does not need the full force of the 
perfect code theorem here: a sphere-packing argument would suffice to 
limit m to 2 or 3. 
(c) Even the 3-designs we have constructed do not seem to be can- 
didates for the methods of algebraic coding theory, despite the fact that a 
great deal is known about the coding aspects of the 2-designs they extend. 
The reader may want to consult [6, Chap. lo] for a discussion and for 
further references. 
For the purpose at hand, consider the code generated over the field of 
two elements by the incidence matrix of the design of points and lines of 
PG(n, 4). That code, %? say, has minimum weight 5, and the minimum- 
weight vectors “are” the lines of the geometry. We sketch a proof of the 
non-existence of vectors of weight 6 in %?. For n = 2 this fact is well known. 
Here we have dim %? = 10, dim %YL = 11. If 9 is the 12-dimensional code 
obtained by adjoining the all-one vector to %?l, then the three subspaces of 
dimension 11 between % and 9 are isomorphic, and the 168 ovals of the 
the projective plane split into the three classes of size 56, each of which 
yields the plane’s extension. The even-weight vectors of %? all have weight 
divisible by 4 [ 1, p. 3201. For n > 2, the even-weight vectors are not 
necessarily of weight divisible by 4, since, for example, the sum of two skew 
lines yields a vector of weight 10. In order to establish that there are no 
weight-six vectors in V, suppose firstly that a planar oval (i.e., six coplanar 
points with no three collinear) appears in Q?. Then, since the planar ovals 
are all equivalent under PTL(n + 1,4), and this group is the automorphism 
group of %?, all the planar ovals would be in V. But then we can produce a 
non-planar weight-six vector in w  (for n > 2) as follows: we take three 
planar ovals, one on each of three faces of a tetrahedron, such that each 
planar oval meets the other two planar ovals twice on the lines of intersec- 
tion of the faces of the tetrahedron, but avoiding the vertex where the faces 
meet. This can be done since four points of a plane, no three of which are 
collinear, lie in an oval of that plane. Now take the sum of these three 
planar ovals modulo 2. The resulting weight-six vector has two points on 
each face, and the line joining these two points goes through the vertex. 
Clearly the six points are not coplanar. Now take a hyperplane of PG(n, 4) 
that contains three but not all of the points of this weight-six vector. Sup- 
pressing this hyperplane yields AG(n, 4) and a vector in the row space of 
the point-line incidence matrix of the affine geometry with weight less than 
4, which contradicts the fact that the minimum weight in this case is 4. 
There remains the possibility of a planar vector of weight six which is not a 
planar oval: but then three points would be collinear, and the mod 2 sum 
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of the vector with the appropriate line 1 would yield a vector of weight less 
than or equal to 5, and hence exactly 5, which gives a line meeting I in two 
distinct points. This is a contradiction. 
It seems unlikely that one could make a choice of weight-six vectors in 
such a way that the 3-design would come from an overall parity check, as 
can be done for n = 2. Certainly bad choices prohibiting this are possible. 
(d) One can introduce a certain consistency in the choice of 6-sub- 
sets needed for the extension by using a Singer cycle in the case n = - 1 
(mod 3). Then the Singer cycle acts semi-regularly on the collection of 
planes (regularly when n = 3 and the planes are hyperplanes); and by 
choosing a plane in each orbit of the Singer cycle and an appropriate set of 
56 ovals in each of these chosen planes, one can orbit these ovals and get a 
collection of 6-subsets invariant under the Singer cycle. But there is no 
choice that will lead to a transitive automorphism group of the 3-design, as 
our final remark, (e) below, will show. 
(e) Consider any one of the 3-designs produced by introducing 
planar ovals appropriately, as in the proof of the theorem. Let PO be a 
point of this design, where PO # co, and let 9 be the 2 - (f(4”+ 1 - I), 5, 1) 
design obtained by contraction at P,,. For the purposes of the discussion, 
we will call the blocks of 9 “new lines,” and refer to the lines of the 
original PG(n, 4) that we extended as “lines.” We sketch a proof of the fact 
that 9 is never isomorphic to the design of points and lines of a projective 
space over the field of four elements when n 2 3. For suppose, on the con- 
trary, that 9 is isomorphic to this design. One first establishes that the new 
planes through co must consist of the points of a plane through P, of the 
original geometry, with P, replaced by cc and the new lines the live lines 
through PO in that plane (with PO related by co) together with the sixteen 
planar ovals through PO that were introduced (with P, removed). Consider 
next a new plane not containing the point co. The line determined by any 
two points of the new plane cannot pass through P, for then it would 
determine a new line containing 00; hence the new lines of the new plane 
are planar ovals passing through P, that were introduced for the extension. 
It then follows that no three points of the new plane are collinear, and 
hence in the original space we have 22 points no three of which are 
collinear, viz. P, together with the 21 points of the new plane. One can 
then show that these 22 points lie in a 3-dimensional subspace of the 
original projective space, contradicting the fact that at most 17 points of 
PG(3,4) can be such that no three are collinear [8, Theorem 51. One does 
not need the full force of this last theorem, since it is quite easy to show 
that one cannot have 22 points of PG(3,4) with no three collinear: see, for 
example, the proof of Theorem 6 of [7]. 
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This final remark shows that none of our 3-designs has a transitive 
automorphism group when n 2 3, and also that we have produced at least 
one 2 - (f(4”+‘- 1 ), 5, 1) that is not the design of points and lines of 
PG(n, 4) for n > 3. Moreover, the method used produces an oval in this 
new design when n = 3; i.e., there is a 2-(85, 5, 1) design possessing a collec- 
tion of 22 points, no three of which lie on a block: for such a set one simply 
takes the points of a plane not containing PO, together with the point 03. 
Note added in proof: H. Hanani has pointed out to us that a special case of a recursive 
contruction of his (Theorem 6.2, J. Combin. Theory Ser. A 26 (1979), l-19) yields designs with 
our parameters. In fact, the recursive designs devised by Hanani yield many 3-designs that do 
not normally appear in tables. 
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